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Abstract
Texture specific quark mass matrices which are hermitian and hier-
archical are examined in detail . In the case of texture 6 zeros matrices,
out of sixteen possibilities examined by us, none is able to fit the low
energy data (LED), for example, |Vus|= 0.2196 ± 0.0023, |Vcb|= 0.0395
± 0.0017, |Vub
Vcb
|= 0.08 ± 0.02, |Vtd| lies in the range 0.004 - 0.013 (PDG).
Similarly none of the 32 texture 5 zeros mass matrices considered is able
to reproduce LED. In particular, the latest data from LEP regarding
|Vub
Vcb
| (= 0.093 ± 0.016) rules out all of them. In the texture 4 zeros
case, we find that there is a unique texture structure for U and D mass
matrices which is able to fit the data.
PACS number(s): 12.15.Ff, 14.60.Pq, 96.60.Jw
The raison d’eˆtre for the existence of three well seperated families of charged
fermions remains ununderstood in the context of present day high energy
physics. The mystery regarding the fermion masses has further deepened with
the observation of “neutrino oscillations” by the Superkamiokande Collabora-
tion [1] implying nonzero masses for the neutrinos and thus, giving for the first
time a strong signal for the physics beyond the standard model. In the absence
of any deeper understanding of fermion masses, attempts have been made on
the one hand to understand arbitrary standard model Yukawa couplings of the
fermions from more fundamental theories such as GUTs [2] composite models
[3], left right symmetric models [4], etc.. On the other hand, attempts have
been made to discover phenomenological quark mass matrices, which are in
tune with the low energy data(LED). In this regard, specific ansatz for the
quark mass matrices have been tried with a fair degree of success [5] -[13]
to explain quark mixing matrix. Similarly phenomenological neutrino mass
matrices have been considered [13, 14] which attempt to accomodate simul-
taneously the Solar Neutrino Problem (SNP), Atmospheric Neutrino Problem
(ANP) and Neutrino Oscillations observed by LSND.
1
The purpose of the present letter is to find possible textures [15] for mass
matrices which are able to accomodate LED regarding quark mixing as well
as neutrino oscillations required to explain SNP, ANP and LSND oscillations.
To this end, we carry out a detailed and exhaustive analysis of a large number
of texture specific quark mass matrices (almost 52) and try to find out a set
of quark mass matrices which can accomodate LED. After having restricted
the number of quark mass matrices, we assume a similar texture structure for
neutrino mass matrices and study its implications for three neutrino anomalies.
Before one can take an extensive analysis of mass matrices, it should be
borne in mind that the number of free parameters available with the general
mass matrices is larger than the physical observables. For example, if no re-
strictions are applied, there are 36 free parameters to describe 10 physical
observables i.e. 6 quark masses , 3 mixing angles and one CP violating phase.
Therefore to develope viable phenomenological quark mass matrices one has
to limit the number of free parameters in the mass matrices. It is, therefore,
desirable to invoke certain broad guiding principles based on general consider-
ations [9, 10] borne out of experimental data [16] and insight gained from the
past such analyses [7]-[12]. These guidelines constrain the present analysis to
manageable number of mass matrices by restricting the number of free param-
eters of general quark mass matrices. In fact, it is also the purpose of present
letter to consolidate and reiterate these guiding principles.
In this context, we first make use of the polar decomposition theorem of
matrix algebra, by which, one can always express a general mass matrix as
a product of a hermitian and a unitary matrix. Therefore, without loss of
generality, we can consider quark mass matrices to be hermitian as the unitary
matrix can be absorbed in the right handed quark fields. This immediately
brings down the number of free parameters from 36 to 18.
The hierarchical pattern of quark masses as well as those of mixing angles
immediately suggests that one should start with mass matrices whose elements
follow hierarchy. This is borne out of several past and present analyses [10]-
[14]. One can think of mass matrices whose elements do not exhibit hierarchy,
nevertheless are still able to reproduce the quark masses, however such mass
matrices do not satisfy the criterion of “naturalness” proposed recently by
Peccei and Wang [9]. Therefore, we assume that the elements of hermitian
quark mass matrices follow the pattern:
M =

 a11 a12 a13a21 a22 a23
a31 a32 a33.

 , (1)
a11 < |a12| ∼ |a13| ≪ a22 ∼ |a23| ≪ a33
The famous Fritzsch ansatz and subsequent generalizations [7, 8, 11, 12] have
all considered hierarchical matrices.
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By using polar decomposition theorem, though the number of parameters is
brought down to 18, it is still larger than the number of observables, therefore it
needs to be brought down further. In this context, following Weinberg [18] and
Fritzsch [5], the strategy has been to assume that mass matrices for fermions
have certain “textures” imposed on them by some underlying symmetries or
these could be purely phenomenological ansatze. These textures allow one to
derive some interesting “predictions” which can then be compared with the
experiments. Therefore, in order to keep free parameters under control, one
therefore starts with texture specific ansatze.
Before proceeding further, it is perhaps natural to ask whether the as-
sumptions of hermiticity, hierarchy and textures are preserved when one scales
down from GUT scale to low energy as the mass matrices are usually derived
at the GUT scale. This question has been examined in detail [8, 9, 10] and
it has been shown that the hierarchical structure of mass matrices is not af-
fected, whereas the texture structure and hermiticity is broken to a minor
extent leaving phenomenological consequences unaltered. The texture struc-
ture, however, is maintained by the RG equations if it is ensured by additional
symmetry. We, therefore, consider at low energy phenomenological texture
specific mass matrices which are hermitian and hierarchical.
A well determined quark mixing matrix [16], in particular the knowledge of
elements |Vus|, |Vcb|, and |
Vub
Vcb
|, leads to the vital clues for the possible structures
of mass matrices. In this context, a survey of some of the past analyses [5]-[11]
as well as our own investigations [12] suggest that |Vus| is given by
√
md/ms
and a very small correction term
√
mu/mc while |Vcb| is given by ms/mb and
a correction term mc/mt. Thus |Vus| is controlled largely by D type of quark
mass matrices, whereas in the case of |Vcb| both U and D sectors contribute
significantly. These facts can give us vital clues about the positioning of the
texture zeros in the phenomenological mass matrices. For the sake of simplicity,
it is desirable that the U and D type of the mass matrices be taken to have
identical texture structures [7, 8].
Keeping in mind above broad guidelines, one could start with the specific
texture structures in the U type and D type of mass matrices [10]. Before going
into the detailed structures of 3× 3 hierarchical mass matrices, one would like
to note that in a phenomenological ansatz, the (1, 1) element can always be
taken to be equal to zero, because a nonzero (1, 1) element leads only to the
rescaling of the lightest quark masses in both U and D type of mass matrices
[7]. It can be very easily seen that the maximum number of texture zeros which
can be considered for U or D type of mass matrices have to be three. More
than three would lead to at least one of the quark masses to be zero. Therefore
we start with texture 3 zeros type of matrices. In order to have non trivial
mixings of three generations as well as keeping in mind guidelines mentioned
above only following non trivial texture 3 zeros structures are possible:
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M3(I) : with texture zeros at (1, 1), (1, 3) and (2, 3)
M3(II) : with texture zeros at (1, 1), (1, 2) and (2, 3)
M3(III) : with texture zeros at (1, 1), (2, 2) and (1, 3)
M3(IV) : with texture zeros at (1, 1), (2, 2) and (2, 3)
(2)
where (1, 1) etc. correspond to zero at the position of first row and first
column of mass matrix and so on. In general Mu and Md could be any of
the four matrices mentioned above, resulting in 16 combinations. However,
if Mu and Md are taken to have parallel texture structure, we are left with
only four possibilities. All these matrices have been diagonalized exactly. The
corresponding CKM matrices can be found easily [12] and checked against the
experimental values of CKM matrix elements, for example, |Vus|= 0.2196 ±
0.0023, |Vcb|= 0.0395 ± 0.0017, |
Vub
Vcb
|= 0.08 ± 0.02, |Vtd| lies in the range 0.004
- 0.013 [16]. In table 1, we have summarized the expressions for the CKM
matrices corresponding to the four possibilties mentioned above. Without
going into the details of the methodology for analyzing such CKM matrices, we
refer the reader to our earlier work [12]. However, we would like to emphasize
that the quark masses taken for the CKMmatrix analysis correspond to masses
at 1 GeV [19], for example, mu = 0.0051 ± 0.0015 GeV, md = 0.0089 ±
0.0026 GeV , ms = 0.175 ± 0.055 GeV , mc = 1.35 ± 0.05 GeV , mb = 5.3 ±
0.1 GeV and mt = 300± 50 GeV .
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Mi Vus Vcb Vub
I

 0 Ai 0A∗i Di 0
0 0 Ci

 c− aeiφ 0 0
II


0 0 Ai
0 Di 0
A∗i 0 Ci

 0 0 −cdeiφ + ab
III

 0 Ai |Bi|A∗i 0 0
|Bi| 0 Ci

 a− ceiφ
+abd
−d+ acd3eiφ
+b
−ad − cd3eiφ
+ab
IV


0 Ai 0
A∗i 0 |Bi|
0 |Bi| Ci

 −ceiφ + a
+abd
−acd3eiφ + d
−b
cd3eiφ + ad
−ab
Table 1: Expressions for CKM matrix elements Vus, Vcb and Vub corresponding
to Mi (i = u, d) listed in column I. The symbols used in the table are: a =√
mu/mc, b =
√
mc/mt, c =
√
md/ms, d =
√
ms/mb, Ai = |Ai|e
iαi, φ =
αu − αd.
From the table 1, it is clear that possibilities I and II are completely ruled
out. In the case of III possibility |Vcb| cannot be fitted even after full variation
of input parameters, as can be checked from the expression given in the table.
The possibility IV is the famous Fritzsch ansatz, which again gives |Vcb| much
above the present experimental value, as has also been pointed out in a large
number of earlier analyses. For the sake of completeness, we have also carried
out investigations of the possibilities where Mu and Md don’t have parallel
structures. Twelve such possibilities are there, which are not listed here. We
find that none of the structures is viable. It may be noted that in texture
6 zeros, Fritzsch ansatz is perhaps the best and that sets the tone for future
modifications.
A strict adherence to parallel texture structure for Mu and Md type of
mass matrices rules out texture 5 zeros mass matrices, however, such matrices
have been discussed in literature. Therefore, we have also included here a
discussion of such matrices. Texture 5 zeros mass matrices would have either
of the two,Mu orMd, being of texture 2 zeros type. As texture 3 zeros matrices
have already been listed, therefore we list all the possible texture 2 zeros mass
matrices compatible with the guidelines enunciated above.
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M2(I) : with zeros at (1, 1) and (1, 2)
M2(II) : with zeros at (1, 1) and (1, 3)
M2(III) : with zeros at (1, 1) and (2, 3)
M2(IV) : with zeros at (1, 1) and (2, 2)
(3)
All these matrices are exactly diagonalizable, except for M2(IV ) where diago-
nalization can be achieved perturbatively [17]. To obtain texture 5 zeros mass
matrices, one has to combine any of the matrices given in eqn. 2 with any of
the matrices in eqn. 3. This leads to 32 possibilities for the texture 5 zeros
mass matrices. These possibilities include the five such examples discussed by
RRR [10]. The examples considered by RRR are ruled out by the present data
[16], particularly the recent measurement of |Vub
Vcb
|at LEP [20] rules these out
unambiguously. In the table 2, we present some of the examples of Mu and
Md constituting texture 5 zeros matrices and not considered by RRR.
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Mu Md Vus Vcb Vub
I
(
0 Au 0
A∗u Du |Bu|
0 |Bu| Cu
) (
0 Ad 0
A∗
d
0 |Bd|
0 |Bd| Cd
)
−ceiφ + aR
′ 1
2
t
+adR
” 1
2
t
−acd3eiφ + dR
′ 1
2
t
−R
” 1
2
t
cd3eiφ + adR
′ 1
2
t
−aR
” 1
2
t
II
(
0 |Au| Bu
|Au| 0 0
B∗u 0 Cu
) (
0 |Ad| 0
|Ad| Dd Bd
0 B∗
d
Cd
)
ca−R
′ 1
2
b
−abR
” 1
2
b
eiφ
−cd2(
R”
b
R
′
b
)
1
2
+aR
” 1
2
b
+bR
′ 1
2
b
eiφ
−acd2(
R”
b
R
′
b
)
1
2
−R
” 1
2
b
+abR
′ 1
2
b
eiφ
III
(
0 0 Au
0 Du |Bu|
A∗u |Bu| Cu
) (
0 Ad 0
A∗
d
0 |Bd|
0 |Bd| Cd
) c(1− (ab)2
Rt
)
1
2 eiφ
+a(
R”tR
′
t
Rt
)
1
2
+ad(Rt − (ab)2)
1
2
acd3(
R”t
Rt
)
1
2 eiφ
+d(
R
′
t(Rt−(ab)
2)
Rt
)
1
2
−R
” 1
2
t
−cd3(1−
(ab)2
Rt
)
1
2 eiφ
+ad(
R”tR
′
t
Rt
)
1
2
−a(Rt − (ab)2)
1
2
IV
(
0 Au 0
A∗u Du 0
0 0 Cu
) (
0 0 Ad
0 Dd |Bd|
A∗
d
|Bd| Cd
)
+c(
R”
b
Rb
)
1
2 eiφ
+a(
R
′
b
(Rb−(cd)
2)
Rb
)
1
2
acd2(
R
′
b
Rb
)
1
2 eiφ
−(
R”
b
(Rb−(cd)
2)
Rb
)
1
2
cd2(
R
′
b
Rb
)
1
2 eiφ
+a(
R”
b
(Rb−(cd)
2)
Rb
)
1
2
V
(
0 0 |Au|
0 Du Bu
|Au| B∗u Cu
) (
0 Ad |Bd|
A∗
d
0 0
|Bd| 0 Cd
) (1 − (ab)2
Rt
)
1
2
+ac(
R”tR
′
t
Rt
)
1
2 eiφ
−ad(Rt − (ab)2)
1
2
+ad(
R”t
Rt
)
1
2
+cd3(
R
′
t(Rt−(ab)
2)
Rt
)
1
2 eiφ
−R”t
−d(
Rt−(ab)
2
Rt
)
1
2
+acd3(
R”tR
′
t
Rt
)
1
2 eiφ
−a(Rt − (ab)2)
1
2
Table 2: Expressions for CKM matrix elements Vus, Vcb and Vub corresponding
to Mu and Md listed in column I and II respectively. The symbols used are as
defined for table 1 and Bi = |Bi|e
iαi , Rt = Du/mt, R
′
t = 1−Rt, R
”
t = b
2 +Rt,
Rb = Dd/mb, R
′
b = 1− Rb, R
”
b = d
2 +Rb.
Proceeding in the same manner as that of texture 6 zeros matrices, we
find that all the cases considered in table 2 are ruled out. In particular the
possibility V is ruled out as |Vus| can not be reproduced. In the cases I, III and
IV, |Vus| can be reproduced but |Vcb| can not be fitted. In the case of possibility
II, |Vus| can be reproduced for large values of Rb, however that makes |Vcb| too
large to fit the data. Similarly, we have exactly derived the CKM matrix for
the rest of the texture 5 zeros possibilities and found that none of these is able
to reproduce full CKM matrix, even after full variation of all the parameters.
After having ruled out the texture 5 zeros mass matrices, it is natural to
consider texture 4 zeros matrices. In table 3, we have listed texture 4 zeros
mass matrices, whereMu andMd are respectively 2 zeros type and have parallel
structures.
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Mi Vus Vcb Vub
I
(
0 0 Ai
0 Di |Bi|
A∗
i
|Bi| Ci
) −c((1 − (ab)2
Rt
)
R”
b
Rb
)
1
2 eiφ
+(
R”
t
R
′
t
R
′
b
Rt
(1 −
(cd)2
Rb
))
1
2
+a(R”
b
(Rt − (ab)
2))
1
2
acd2(
R”
t
R
′
b
RtRb
)
1
2 eiφ
+(
(Rt−(ab)
2)R
′
t
(Rb−(cd)
2)R”
b
RbRt
)
1
2
−(R
′
b
R”t )
1
2
−cd2(
(Rt−(ab)
2)R
′
b
RtRb
)
1
2 eiφ
+(
R”
t
R
′
t
(Rb−(cd)
2)R”
b
RbRt
)
1
2
−a(R
′
b
(Rt − (ab)
2))
1
2
II
(
0 Ai |Bi|
A∗
i
Di 0
|Bi| 0 Ci
) + 1bd (((ab)2 − Rt)R′tR′bR”b) 12
−
R
′
t
R
′
b
bd
(
R”
t
(Rb−(cd)
2)
∆tδb
)
1
2 eiφ
+
R”
b
bd
(
R
′
t
R
′
b
R”
t
(Rt−(ab)
2)
∆t∆b
)
1
2
− 1
b
(R”tR
′
tR
′
b
R”
b
)
1
2
+
R
′
t
R”
b
b
(
(Rt−(ab)
2)(Rb−(cd)
2)
∆t∆b
)
1
2 eiφ
+
R”
t
R
′
b
b
(
R
′
t
R
′
b
∆t∆b
)
1
2
− 1
b
(((ab)2 − Rt)R
′
tR
′
b
R”
b
)
1
2
−
R
′
t
R”
b
b
(
R”
t
((cd)2−Rb)
∆t∆b
)
1
2 eiφ
+
R
′
b
b
(
R
′
t
R
′
b
R”
t
((ab)2−Rt)
∆t∆b
)
1
2
III
(
0 Ai Bi
A∗
i
0 Di
B∗
i
Di Ci
)
ceiφ − a
+abd
2acdeiφ + d
−b
2cdeiφ − ad
−ab
IV
(
0 Ai 0
A∗
i
Di |Bi|
0 |Bi| Ci
)
−ceiφ + a(R
′
tR
′
b
)
1
2
+a(R”
b
R”t )
1
2
−acd2(
R”
b
R
′
b
)
1
2 eiφ
+(R
′
tR
”
b
)
1
2
−(R”tR
′
b
)
1
2
cd2(
R”
b
R
′
b
)
1
2 eiφ
+a(R
′
tR
”
b
)
1
2
−a(R
′
b
R”t )
1
2
Table 3: Expressions for CKM matrix elements Vus, Vcb and Vub corresponding
to Mi (i = u, d) listed in column I. The symbols used are as defined for tables
1 and 2 and ∆b = 1− 2Rb, ∆t = 1− 2Rt.
Following the procedure outlined earlier, one can easily see that possibilities
I, II and III are not able to reproduce |Vus|, |Vcb| and |
Vub
Vcb
| simultaneously,
therefore we are left with only the possibility IV. In table 4, we have presented
the numerical values of |Vus|, |Vcb|, |
Vub
Vcb
| and |Vtd| as a function of independent
parameters Rt and Rb. To limit the number of possibilities we have considered
only those cases where Rb = Rt.
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Rt Rb |Vus| |Vcb| |
Vub
Vcb
| |Vtd|
0.075 0.075 0.22 0.044 0.0829 0.009
0.080 0.080 0.22 0.043 0.085 0.009
0.085 0.085 0.22 0.042 0.087 0.009
0.090 0.090 0.22 0.041 0.089 0.009
0.950 0.950 0.22 0.040 0.091 0.008
0.100 0.100 0.22 0.039 0.094 0.008
0.105 0.105 0.22 0.038 0.096 0.008
0.110 0.110 0.22 0.037 0.099 0.008
Table 4: Calculated values of |Vus|, |Vcb|,
|Vub|
|Vcb|
and |Vtd| corresponding to Mu
and Md of IV row in table 3.
A quick look at the table 4 shows that the calculated values of |Vus|, |Vcb|, and
|Vtd| are well within the experimental bounds [16]. The details of the CKM
phenomenology with CKM matrix derived from texture 4 zeros mass matrices
will be discussed elsewhere.
After having found a viable texture structure for quark mass matrices, it
is natural to ask whether a similar texture could be used for neutrino mass
matrices or not. In particular, one would like to examine whether such a tex-
ture can generate the required appearance and disappearance probabilities for
explaining the three neutrino anomalies. In this context, recently an analysis
has been carried out by Barenboim and Scheck [21]. In particular, they find a
mixing matrix, which is able to provide a simultaneous fit to the SNP, ANP
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and LSND oscillations, for example,
 0.793 0.566 0.226−0.601 0.662 0.447
0.103 −0.490 0.865

 .
In our analysis based on texture 4 zeros mass matrices, the above matrix can
be reproduced by considering the following eigenvalues of neutrino masses:
m1 = 0.53 × 10
−3eV , m2 = 0.1 × 10
−1eV and m3 = 0.5eV. Without going
into the details (to be discussed elsewhere), we would like to emphasize that
hierarchical neutrino masses can generate the required mixing matrix within
the texture four zero scenario.
In conclusion, we would like to mention that an extensive analysis of a
large number of texture specific quark mass matrices, which are hermitian
and hierarchical has been carried out. Interestingly, there are no quark mass
matrices with texture 6 zeros and texture 5 zeros which can fit LED. In the case
of texture 4 zeros, there is a unique texture with parallel texture structure for
Mu and Md which fits the data. When a similar texture structure is assumed
for neutrinos, we are able to reproduce a mixing matrix which can accomodate
Solar Neutrino Problem, Atmospheric Neutrino Problem and the oscillations
observed at LSND.
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